Mutual Chern-Simons theory for Z2 topological order 
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We study several different Z2 topological ordered states in frustrated spin systems. The effective 
theories for those different Z2 topological orders all have the same form - a. Z2 gauge theory which 
can also be written as a mutual (7(1) x U{1) Chern-Simons theory. However, we find that the 
different Z2 topological orders are reflected in different projective realizations of lattice symmetry in 
the same effective mutual Chern-Simons theory. This result is obtained by comparing the ground- 
state degeneracy, the ground-state quantum numbers, the gapless edge state, and the projective 
symmetry group of quasi-particles calculated from the slave-particle theory and from the effective 
mutual Chern-Simons theories. Our study reveals intricate relations between topological order and 
symmetry. 
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I. INTRODUCTION 

After the discovery of fractional quantum Hall effect,^, 
we realized that new kind of orders beyond Landau's 
symmetry breaking paradigm is possible. This new kind 
order is called topological order^''^ for gapped states and 
quantum order^ for general states. The new orders re- 
flect patterns of long range entanglements in the ground 
state. 

Gapped Z2 spin liquids have the simplest kind of topo- 
logical order - Z2 topological order. ^'^ Those topologi- 
cal ordered states may appear in frustrated spin systems 
or dimmer models. ^"^^ Physically, the topological orders 
can be (partially) characterized by robust ground-state 
degeneracy.^'"'^^ The low energy effective theory for those 
Z2 topologically ordered states is a Z2 gauge theory. 

Topological order is a property of a many-body ground 
state that is robust against any perturbations, even those 
perturbations that break all the symmetries. In this pa- 
per, we like to study the interplay between topological 
order and symmetry. We like to find out how to char- 
acterize topological ordered states that also have certain 
symmetries. 

Recently, it was found that for spin liquids with all 
the lattice symmetries (such as lattice translation and 
rotation symmetry), there can be hundreds different Z2 
topological orders.'''^ We will call those topological or- 
ders symmetric topological orders. It is shown that the 
different symmetric Z2 topological orders can be charac- 
terized by different project symmetry groups (PSG). So 
those symmetric topological orders are good examples to 
study the relation between topological order and symme- 
try. 

Here, we would like to study the low energy effective 
theories for those different Z2 topological orders and ask 
how different symmetric Z2 topological orders are re- 
flected in low energy effective theories. We find that all 
different Z2 topological orders can be described by the 
same effective mutual U{\) x C/(l) Chern-Simons (CS) 



theories. "'^^ The lattice symmetry is realized projectively 
in the effective mutual CS theories. It turns out that 
different symmetric Z2 topological orders have different 
projective realizations of the lattice symmetries. To con- 
firm our results, the projective construction (the slave- 
particle theory) ^^'-"^^ is used to calculate the ground-state 
degeneracies, the ground-state quantum numbers, and 
the PSGs of quasi-particles. Those results agree with 
those obtained from the effective mutual CS theories. 
Furthermore, we also used the effective mutual CS theo- 
ries to study gapless edge states for some Z2 topologically 
ordered states. 



II. PROJECTIVE CONSTRUCTION OF 
MANY-SPIN WAVE FUNCTIONS 

The key to understand topological orders is to con- 
struct states that can have long range quantum entan- 
glements. The projective construction introduced in the 
study of high Tc superconductors is a powerful way to 
construct such states. ^''"^^ In this section, we will briefly 
review the projective construction of Z2 topologically or- 
dered states. 

A spin-1/2 model can be viewed as a hard-core-boson 
model, if we identify | J,) state as a zero-boson state |0) 
and I t) state as a one-boson state |1). In the follow we 
will use the boson-picture to describe our model. 

We first introduce a "mean-field" fermion 
Hamiltonian:* 



{ij) 



■l3 



(1) 



where I, J = 1,2. We will use Uij and r]ij to denote 
the 2x2 complex matrices whose elements are uff and 



ril- . Let l^'mcan'''^'') be the ground state of the above free 
fermion Hamiltonian (ie the lowest energy state obtained 
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by filling all the negative energy levels). Then a many- 
boson wave function can be obtained through 

Af=ito/2 

*1™^(h,*2...) = (0| n b^^^l"^^^-'^) (2) 



y line 



where iVsitc is the number of lattice sites, 



(3) 



and ii, «2, • • • , label the location of bosons (up-spins). 
Here, we have assumed that there are A^sitc/2 up-spins 
and iVsitc/2 down-spins. 

We may view {uij , r]ij ) as variational parameters and 

the physical spin wave function <&spin j2---) as a 
trial wave function. The trial ground state of a spin 
Hamiltonian can be obtained by minimizing the average 
energy (H). 

First let us consider the following spin Hamiltonian 



where a^^y^^^ are the Pauli matrices and i = {i^, iy) labels 
the site of a square lattice. We find that if we choose the 
variational parameters to be 



~Vi,i+y 



(5) 



then the spin wave function Eq. (2) minimize the aver- 
age energy. In fact the wave function is the exact ground 
state of Hamiltonian -ff exact It was found that all the 
excitations above the ground state are gapped and the 
ground state contains a non-trivial topological order de- 
scribed by a Z2 effective gauge theory. We will call such 
a state Z2E state. 

Ref. 6 introduced another many-spin state on square 
lattice which is described by 



'^i,i—x+y 



'^i.i+y — 



(6) 



and rjij = 0. However, it is not clear what kind of spin 
Hamiltonian gives rise to the spin state described by the 
above variational parameters. Despite of this, some phys- 
ical properties of the spin state were obtained under the 
assumptions that the state is stable for a certain local 
spin Hamiltonian.^ Again, all excitations above the spin 
state have finite energy gaps. The spin state is a spin 
liquid with no spin order. But it contains a non-trivial 
topological order described by an effective Z2 gauge the- 
ory. So we will call such a spin state Z2A state. 

Naively, one may expect the Z2A and the Z2E states 
to be the same state since both have Z2 gauge theory 
as their low energy effective theory. In the following, we 
will show that they are different quantum states with 
different topological orders. 
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FIG. 1: The links crossing the x line and the y line get an 
additional minus sign. 



III. GROUND STATE DEGENERACY 

One way to study a topological order is to study its 
ground state degeneracy on a torus. Naively, we expect 
the Z2A and the Z2E state to have 4 degenerate ground 
states, as implied by the effective Z2 gauge theory. The 
argument goes as the following. 

First, we note that the physical boson wave function 
is invariant under the following SU{2) 
gauge transformations^'* 

{ipi,Uij,riij) {Giipi,GiU.ijGl,Gi'i]ijGj) (7) 

where Gi G SU{2). So the average energy E{uij,riij) = 
) I H I '''•^ ) ) satisfies 

E{uij,riij) = E{GiUijG^^,GiJ]i-iGj). 

Next we assume {uij^Tjij^ give rise to a (variational) 
ground state of a Hamiltonian. We would like to show 
that the following four ansatz 



(m,7i) 



(-) 



(8) 



produce four degenerate ground states. Here m, n = 0, 1. 
Sx{ij) and Sy{ij) have values or 1. Sx(ij) = 1 if the link 
ij crosses the x line (see Fig. I) and Sx{ij) — otherwise. 
Similarly, Sy{ij) = 1 if the link ij crosses the y line and 
Sy{ij) = otherwise. Physically, the degenerate states 
arise from adding tt flux through the two holes of the 
torus. The values of m, n — 0, 1 reflect the presence or 
the absence of the tt flux in the two holes. 

We note that (w,-°'°\ Tyl^'^'') represents the ground 

state. We also note that (u|™'"\ 77-™'"'') with differ- 
ent TO and n are locally gauge equivalent. This is be- 
cause, on an infinite system, the change, say, — > 
(_)m^x(y)(_)ms„(*j)y^^. gj^j^ generated by an SU{2) 

gauge transformation WiUijWj , where Wi — 

(_yne(i,)(-_-)ne(»„)^ g^^^ @(-^) = 1 ff n > and <d{n) = 

if n < 0. As a result, E{uij, fjij) 



Eiu\^ '). On 
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the other hand, on a torus, (m,-™'" . '7^™'" ) with different 
m and n are not gauge equivalent in the global sense. 
There is no SU{2) gauge transformation defined on the 
torus that connects those ansatz. So the four ansatz give 
rise to four different degenerate states. This is how we 
obtain the four-fold ground state degeneracy for the Z2 
states. 

However, the above argument is valid only for even 
I 



by even lattice. For odd by odd lattice, the argument 
breaks down. To understand the failure of the above 
argument, let us construct the mean-field ground state 
more carefully. 

Let us start with a simple case of the Z2A state. For 
the ansatz Eq. (6) , the "mean-field" Hamiltonian in mo- 
mentum space becomes 



ifmean(k) = ^^(VL, 4^)M ( ^^j; ) = ^ <^K<^^ ' E (9) 

where 

M = 2x(cos fca; + cosfcy)T^ + (2?7Cos(A;x + ky) + 2r]cos{kx — ky) + f)T^ + (2Acos(A;a; + ky) — 2Acos(fca; — ky))T^, 
and 

s{k) = J Ax^{coskx + coskyY + {2r]cos{kx + ky) + 2rjcos{kx — ky) + v)"^ + (2Acos(fcx + ky) — 2Acos(/;;x — ky))'^. 



Here ak and /3k are diagonalized quasiparticles operators 



aic = {aipik + ip2k.)/V'i- + cfi, 

/3k = {Hlk + ^2k)/Vl+^, 

where a and b are the functions of kx and ky. The mean- 
field ground state is obtained by filling all the negative 
levels and is given by 

|*mean)=n4|0)v- 

k 

where the state |0)^ is defined through ■!/jk|0)i/, = 0. (Note 
that all the particles ak has positive energy and all the 
particles /3k has negative energy.) Since /3j^ is linear com- 
bination of tpl and tp2 and there are Lx x Ly different 
k-levels, the mean-field state I'S'mean) contains Lx x Ly 
number of fcrmions. Here Lx,y are sizes of the lattice in 
the X- and y-directions. 

Clearly, when both Lx and Ly are odd, l^'mean) con- 
tains an odd number of fcrmions. Such a mean-field state 
does not correspond to any physical spin state since the 
corresponding spin wave function Eq. (2) vanishes. (Note 
that Eq. (2) is a projection to the subspace with or 2 
fermions per site.) To get a non-zero physical spin wave 
function we need to start with a mean-field state with 
one extra fermion in the empty a-band (or a hole in the 
filled /3-band). But by choosing different states for the 
extra fermion (or the hole), we can obtain many differ- 
ent spin wave functions which are nearly degenerate. So 
when both Lx and Ly are odd, the excitations in the 
Z2A state are gaplcss, or we may say that the Z2A state 
has infinite degeneracy. Physically, the Z2A state on odd 



by odd lattice always contains a unpaired spinon. The 
different states of the unpaired spinon gives rise to the 
infinite degeneracy. 

When one of Lx,y is even, the mean-field state 1^1/ mean) 
gives rise to a non-zero physical spin state. There is no 
unpaired spinon and the excitations are gaped. Each 
ansatz u^J*'"' produces a single physical spin state and 
the Z2A state has four-fold degeneracy on a torus with 
an even number of lattice sites. 

Because the spin Hamiltonian is translation invariant, 
the ground states carry definite crystal momentum. To 
calculate the crystal momentum, wc note that in the 
(m,n) = (0,0) sector described by the ansatz u\^'^\ 
the fermion wave function satisfies the periodic bound- 
ary condition. So {kx,ky) are quantized as {kx,ky) = 
(^xIt", where Ux.y are integers. And the spin state 

produced by the ansatz ufj'^^ has the following crystal 
momentum: 



— ^ ] kx — ^ ' ^ ] IT-x -j— 



27r LyLx{Lx + I) 2Tr 



Ly 



2 L, 



nx = l ny = l 



2 Li, 



We would like to point out that the above crystal mo- 
mentum is actually the crystal momentum of the mean- 
field state. However, the even-fermion-pcr-site projection 
commutes with the translation operator, and thus the 
crystal momentum is unchanged by projection. 

When TO and/or n are equal to 1, the fermion wave 
function is antiperiodic in the y- and/or x-directions. In 
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(ee) (eo) (oc) (oo) 


(00) 


(0,0) (^,0) (0,^) - 


(01) 


(0,0) (^,0) (0,0) - 


(10) 


(0,0) (0,0) (0,7r) - 


(11) 


(0,0) (0,0) (0,0) - 



TABLE I: Crystal momenta {Kx,Ky) of the four ground 

states, (m,n)= (0,0), (0,1), (1,0), (1,1), of the Z2A spin liquid 
on three different lattices, {L^, Ly) = (even, even), (even, odd), 
(odd,even). 



the case, ky and/or kx are quantized as {ny + ^)^ and/or 

{nx + ^)x^- The crystal momentum of the spin state 

produce by the ansatz m-™'"^ can be calculated in the 
similar fashion. For example in the (to, n) = (1, 1) sector, 
the crystal momentum is given by 



Lx 



/ , LyLx{Lx + 2) 21: 
E }Z^^^ + 2^Tx= 2- 

na:=lny = l 

_V' V"^^ J^xLy{Ly + 2) 27r 

1, 2^^,- 2 Ly 



The results are summarized in the table I. 



IV. TOPOLOGICAL PROPERTIES FOR THE 
EXACT SOLUBLE MODEL 



To understand the topological order in the Z2E state 
of the exact soluble model, we would like to calculate the 
ground state degeneracy and ground state crystal mo- 
menta of the Z2E state. Just like the Z2A state dis- 
cussed in the last section, one can construct many-spin 
wave functions of the degenerate ground states from the 
mean- field ansatz Eq. (8) with {uij,r]ij) given by Eq. 



(5). The four mean-field ansatz {u\J^'"'' ,r]^^'^^) can po- 
tentially give rise to four degenerate ground states. But 
some time, the mean-field ground state contains odd 
numbers of fermions. In this case, the corresponding 
mean-field ansatz does not lead to physical spin wave 
function. 

To calculate the fermion number in the mean-field 

ground state, one can write down the "mean-field" 
fermion Hamiltonian in momentum space 



with 



/3k 
PL 



El ,\ . ..coskx isinkx ^ik \ , v^/ ,+ ; cos ky isinfc 

(vLV'i,-k)(_igi^^ -cosfcJUl J+2:.^^2k.V'2,-k)(_igi^^ 
\ "^1 -k / y 

- V'IkV'lk 

ka,=0,ky=0 



fe>0 

+V'IkV' 



+ V'2kV'2k -V'2kV'2k 

kx='7^,Ky=7r I kx=0,ky=0 



'Ik 



k>0 



;k + ,3lk/3-k] 

fc>0 



'k - fe -0 



- ?/'LV'2k 



— isinfcy — cos ky 

fc =0 fc =7r V'LV'2k 



V'2k 



k^ TT J ky — 



'Ik 



+V'lkV'ik 



, -V'lk^lkl +V'2kV'2k 

kx—0^ky=\j I kx='K ,ky='K 

, , , - ^ikV'ik - V'kV'2k 

Kx=0,Ky=7r kx='K,ky=0 



- '^i'2kV'2k 

fe^=0,fe„=0 

+ V'2k^2k 

kx=0,ky=7r 



kx—'^^ky=7r 

5 

kx=7T^ky=0 



(10) 



= oxp{-ikx(^ 1 )^ 
= exp(-ifcy(5 J)) 



V-'ik 



'2k 



2,-k 



Here k = means that {kx, ky) = (0, 0), (0, tt), (tt, 0), or 
(tt, tt), and k > means that ky > or ky = 0, k^ > 
and k ^ 0. 

We note that both a band and /3 band have a positive 
energy Ei^ = 1. Q:±k, /3±k will annihilate the mean-field 
ground state |*moan), 



r 



It needs to point out that the above formula for the 
"mean-field" fermion Hamiltonian are valid only for even- 
by-even lattice with periodic boundary condition, i.e. 
{m,n) ~ (0,0). For other cases (even- by-even lattice 
with anti-periodic boundary conditions, and even-by- 
odd, odd-by even, odd by odd lattices with both periodic 
boundary condition and anti-periodic boundary condi- 
tions), one or more of the four high symmetry points at 
momentum space k* = (0,0), (0, tt), (tt, 0), (tt, tt) are 
absent which is shown in the table in appendix. 



Q:±k|*mean) = 0, 



/3±k|*mean) = 0. 
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(cc) (eo) (oe) (oo) 


(00) 


(tt, tt) — — - 


(01) 


(0,0) - (0,0) (0,0) 


(10) 


(0,0) (0,0) - (0,0) 


(11) 


(0,0) (0,0) (0,0) - 



TABLE II: Crystal momenta of the degenerate ground states, 
(m,n)= (0,0), (0,1), (1,0), (1,1), of the Z2E spin liquid on 
four different lattices, {Lx,Ly) = (even, even), (even, odd), 
(odd,even), (odd,odd). 

We also note that, for k ^ 0, 

Q!fe = Uktjji^k + Vkfljl_k 

The condition afcl^mean) = a_fe|$mean) = implies that 
(if we only consider the k and —k levels) 

l^mean) = {Vk + WfcV'l.-fc'^I ,fc) |0) 

We see that k ^ levels alv^ays contribute even num- 
bers of fermions. Also, since Vk + Uk'ipl -k''Pi k carries 
momentum, we see that the contribution to the total 
momentum from the k 7^ levels is zero. 

Thus to determine if the mean-field ground state con- 
tain even or odd number of ip fermions, we only need 
to examine the occupation on the four fe = momen- 
tum points: k = (0,0), (G,7r), (7r,0), {tt,tt). The Hamil- 
tonian on those four points is contained in Eq. (10). 
All the negative energy levels are filled in the mean-field 
ground state. On an even by even lattice and for the 
(m, n) = (0, 0) ansatz, all the momenta (tt, 0), (0, tt), and 
(tt, tt) are allowed. Thus the (tt, 0) level and the (tt, tt) 
level each is occupied by a ipi fermion, and the (0, tt) 
level and the (tt, tt) level each is occupied by a ip2 fermion. 
The total momentum of the ground state is (tt, tt). Such 
a mean-field ground state has even numbers of fermions. 
It will survive the projection and lead to a physical spin 
groimd state. Other situations can be calculated in the 
same way. Here we only summarize the result: on an 
even by even lattice, there exist four different degenerate 
ground states. However, on other kinds of lattice ( even 
by odd, odd by even and odd by odd), there exist only 
two different ground states. The other two states are 
projected out since the mean-field ground states contain 
odd numbers of fermions. The crystal momenta of the 
degenerate ground states can also be calculated which 
are summarized in table II. 



V. THE MUTUAL U(l)xU(l) CS THEORY 

In the above sections wc have calculated the topolog- 
ical properties for the Z2A and the Z2E states. Due to 
their different topological properties, we find that the two 
states have different topological orders. Then an impor- 
tant issue is to find the low energy effective theories that 



describe the two different topological orders. We find 
that a mutual U(l)x U(l) CS theory with different pro- 
jective realizations of the lattice symmetry can describe 
the two kind of topological orders. We reach the con- 
clusion by comparing the topological properties of the 
mutual U(l)xU(l) CS theory with those of the Z2A and 
the Z2E states. All the topological properties, includ- 
ing topological degeneracy, quantum numbers, and edge 
states, agree, indicating the equivalence between the Z2 
topological states on lattice and the mutual U(l)xU(l) 
CS theory. 

1 . Mutual U(l )xU(l) CS theory 

First we introduce the Lagrangian for the mutual 
U(l)x U(l) CS theory : 

/:eff = (11) 

^-e^^^A^d^ax + ia'^i^ + i^" (12) 

TT 

where f^i, is the gauge field strength for gauge field a\ 
and F^i, is the gauge field strength for gauge field A^. 
The excitations are described by the currents which are 
defined as = iji,Pa) and = (Jj,/)^). The gauge 
charges of and A^^ arc quantized as integers. 
From the equation motions for a a and Ax, 

lea 

2e^ TT 

we find that a U(l) charge for gauge field induces flux 
of gauge field o^. As a result, the U(l) charge for gauge 
field A^ and the U(l) charge for gauge field have a 
semionic mutual statistics. That is, moving an A^-charge 
around an a^-charge generates a phase tt. This catches 
the key topological property for the Z2 spin liquid. It 
is well known that the Z2 spin liquid states contain Z2 
vortex and Z2 charge excitations. And the Z2 vortex and 
the Z2 charge have semionic mutual statistics between 
them. So we will propose that the mutual Chern-Simons 
theory 11 describes a Z2 gauge theory. The A^-charge 
can be identified as the Z2 charge and the a^-charge as 
the Z2 vortex. 

Furthermore, the energy gap for both of the gauge 
fields comes from the mutual CS term 

ma ~ e^, ruA ~ e\. 

The mutual U(l)xU(l) CS theory describes a gapped 
topological state. This also agrees with the Z2 topologi- 
cal states where all excitations are gapped. 

However, we have two kinds of Z2 topological orders 
Z2A and Z2E. How can the two different Z2 topological 
orders be described by the same U(l)xU(l) CS theory? 
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In the following we will show that two different topo- 
logical orders are described by the same U(l) xU(l) CS 
theory but with different realizations of the lattice sym- 
metry. 

To obtain two different realizations of lattice symme- 
try, wo note that Z2 vortices for the exactly soluble model 
(the Z2E state) live on the even plaquettes. The vortices 
on the odd plaquettes are actually the Zi charge. ^'^^ So 
under a translation by one lattice spacing, a Z2 vortex is 
changed into a Zi charge! So in the mutual U(l)xU(l) 
CS theory that describes the Z2E state, and Ai must 
exchange under the translation by one lattice spacing. 

Also, the Z2A state contains tt flux through each 
square. This tt flux also affects how is transformed 
under translation. To see this, let us consider two Wil- 
son loop operators W\ = e ^'^i and W2 = e ^'^2 '^^"'^ 
along two loops Ci and C2. Both loops wrap around 
the torus in y-direction. However the loop C2 is dis- 
placed from the loop Ci by one lattice constant in the 
a;-direction. In the following, we will assume the lattice 
constant is a = 1 . Due to the tt flux through each square, 
we see that W2 = {—)^''Wi, where Ly is the length of 
the torus in the ?/-direction. So under a translation by 
one lattice constant in the x-direction, ay must change 
to + TT, to account for the change in the Wilson loop. 

The above discussion motivates us to define two types 
of mutual U(l) xU(l) CS theories which have different 
realizations of translation symmetries. Let and Ty 
be the translations by one lattice spacing in the x and 
y directions respectively. The first type of the mutual 
U(l)xU(l) CS theory is denoted as Z2A type which de- 
scribes the Z2A state. The tt flux makes the gauge fields 
transform no n- trivially under translations: 

T.J. ^ AxTx = Ax, Ty ^ AxTy = Ax -t- tt, 

Tx ^^yTx =Ay+TT, Ty ^AyTy — Ay, 



Tx 0,xTx — (1x7 Ty CLxTy — dx ~\~ J 



T^ ^UyTx = ay +Tr, 



(13) 



Since the translation Tx (Ty) may shift Ay (a^) by tt, this 
reproduces the different patterns of crystal momenta of 
the degenerate ground states on different lattices. 

The other type of the mutual CS theory is denoted as 
Z2E type that describes the Z2E state. It has no fiux. 
However, the gauge fields still transform non-trivially un- 
der translations: 



-^i ^j^i — IjTi — Aj, 



i = x,y 



Ai and will exchange under a translation operation by 
one lattice spacing. 



2. The topological degeneracy 

In the next a few sections, we will calculate the topo- 
logical properties of the above two types of mutual CS 



theory. First, we calculate the topological degeneracy for 
the ground states. In the temporal gauge, Aq = 0, and 
on an even-by-even lattice, the fluctuations Ai and are 
periodic. We can expand them as 

{A,, Ay) = ( J-e. + ^ A^e'* •^ ^&y + J2 Ke''-"-), 
^ k ^ k 

(14) 

{ax, ay) = {^0x + Y^ •^ j-Oy + ^ a^e^* '') 

^ k y k 

(15) 

where ]s. ={kx,ky) = {^Ux, j^ny) where nx,y are in- 
tegers. {A^,A^) and (a^,a^) are the gauge fields with 
non-zero momentum and {Qx,^y) and {0x,6y) are the 
zero modes with zero momentum for the gauge fields Ai 
and ttj. Because the existence of the mass gap, the de- 
gree freedoms for gauge fields with non-zero momentum 
(Ag,A^) and {a^,a^) have nothing to do with the low 
energy physics. It is the degree freedoms of zero mo- 
mentum {Qx,Qy) and {9x,9y) that determine the low 
energy physics. The effective Lagrangian Eq.(ll) deter- 
mines the dynamics of {Qx, ©j/) and {Ox, 0y) which corre- 
sponds to two particles on a plane with a finite magnetic 
field. (Ox, 6*2;) are the coordinates of the first particle, 
and {Qy,Ox) are the coordinates of the second particle. 
Thus we map the original mutual U(l)xU(l) CS the- 
ory to a quantum mechanics model of two particles (see 
appendix). The energy spectrum for the quantum me- 
chanics model can be solved easily. The lowest energy 
levels for above model reveal the topological characters 
for the ground states. The degeneracy for {Qx,Oy) de- 
grees of freedom and the degeneracy for (0^, Ox) degrees 
of freedom are given as D(e^ = 2 and D^Q^ g^^ = 2. 
For both the Z2A type and the Z2E type CS theories, 
there exist four degenerate ground states 



D = D, 



2x2 = 4. 



However, the above result only applies to even-by-even 
lattice. For other cases, even-by-odd, odd-by-even and 
odd-by-odd, the situations are changed. We will discuss 
those more complicated cases in appendix.. We find that 
for the Z2A type mutual CS theory, the ground state 
degeneracy remain to be 4 for even-by-odd and odd-by- 
even lattices. For the Z2E type mutual CS theory, the 
ground state degeneracy becomes 2 for even-by-odd, odd- 
by-even, and odd-by-odd lattices. 

One way to understand the later result is to note that 
if Lx is odd then one gauge field will turn into the other 
one as we go around the lattice along a;-direction. Thus 
the gauge fields have a twisted boundary condition: 

Ai{x + Lx, y) = ai{x, y), ai{x + Lx, y) = Ai{x, y). 

This twisted boundary condition means that A^ and 

can be viewed as a single gauge field on a lattice whose 
size is doubled in the x-direction. There are only two zero 
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modes in the mode expansion. As a result the ground- 
state degeneracy on even-by-odd, odd-by-even and odd- 
by-odd is reduced to 2. We can also use the CS theories 
to calculate the crystal momenta of the ground states 
(see appendix). The results agree with those in tables I 
and II. 



3. The edge states 

We can also use the mutual U(l)xU(l) CS theories to 
study edge excitations. First, let us consider the exact 
soluble model ( 4) on a finite x Ly lattice with a 
periodic boundary condition only along y-direction. The 
lattice has two edges along y -direction located a.t ix = 
and ix = Lx- Such a lattice model can be obtained from 
the periodic lattice model (4) by setting = for a 
column of plaquettes. The resulting model is still exactly 
soluble. We find that the ground states have ~ 2^»-fold 
degeneracy which arise from cr'^ cr'f^x'^f^x+y^t+y = 
the column of plaquettes with g — 0. Those degenerate 
states can be viewed as gapless edge excitations on the 
two boundaries. Since there are 2Ly edge sites, we find 
that there arc ^/2 edge states per edge site, indicating 
that the gapless edge states are described by Majorana 
fermions. Indeed, the gapless edge excitations can be 
mapped to a Majorana fermion system exactly. 

To obtain the gapless edge states from the mutual CS 
theories, we introduce 

and rewrite the mutual U{1) x U{1) CS effective theory 
as 

Ces=^a+,^d,a+,xe^'''^-^a.,^d,a.,xe'"'^ + ... (16) 
47r 47r 

The charges of A^^ and are quantized as integers. Con- 
verting the Af^ and a,j, charges to the a+,;i and a-.^ 
charges, we find that the a^^^ and a_^^ charges are still 
quantized as integers. However, (1/2, 1/2) charge for the 
a+^fj, and a_,^ field is also allowed. 

The mutual CS theory (16) has one right-moving and 
one left-moving branches of edge excitations. The two 
branches of the edge excitations are described by the fol- 
lowing ID fermion theory^* 

-Cedge = -t/jRidt - vdx)tpR + 'ipli^t + vdx)ll>L + ■■■ 

at low energies, where (...) represent terms that are con- 
sistent with the underlying symmetries of the lattice 
model. tjjR carries a unit of a+ charge and ip- a unit 
of o_ charge. We note that the Af^ and charges, as 
the Z2 charge and the Z2 vortex, are conserved only mod 
2. So (...) may contain terms that change (a+, a_) charge 
by (1,1) and (1,-1). Thus, the following terms 

aipRipL + bipRip\^ + h.c. 



are allowed in the low energy effective Lagrangian. The 
additional terms will open an energy gap for the edge ex- 
citations and one may conclude that the Z2E state in the 
exactly soluble model (4) has no gapless edge excitations 
in general. 

However, the above conclusion is not quite correct. We 
see that although the presence of the edge breaks the 
translation symmetry in the a;-direction, the finite sys- 
tem still has the translation symmetry in the ^/-direction. 
Under the translation in the j/-direction by lattice spac- 
ing, Ajj, and is exchanged, or (a+,^, 0-,/i) are changed 
into {a+^fj,, — a_.^). So the translation in the y-direction 
changes the sign of the a_ charge and hence changes tpL 
to tp\^. As a result, only the following term 

atpR{ipL + tpi) + h.c. 

can be added to the edge effective Lagrangian, which do 
not break the translation symmetry along the edge. 
Introducing Majorana fermions 

ipR = >^R + w/fi, "^L = Al -h iriL, 
we can rewrite the edge effective Lagrangian as 

£edge = A_R,(9t - vdx)\R + rjR{dt - vdx)riR 
+ >'L{dt + vdx)XL + VL{dt + vdx)TlL 
+ 2{a\R\L + iaXRrjL + h.c). 

The uXrXl + \a\R7]L term gaps a pair of Majorana 
fermions and leave the other pair gapless. So the Z2E 
state has right-moving and left-moving gapless edge ex- 
citations described by Majorana fermions, provided that 
the edge is in the x- or y-dircction. The presence of the 
translation symmetry in the x- or j/-direction is crucial 
for the existence of the gapless edge excitations for the 
Z2E type mutual U(l)xU(l) CS theory and the exact 
soluble model. 

For the Z2A state, although the low energy effective 
theory has the same form as the exactly soluble model, 
the translation does not induce the exchange between 
A^ and a^. As a result, in general, there are no gapless 
edge excitations for the Z2A type mutual U(l)x U(l) CS 
theory and the Z2A state. 

VI. CONCLUSION 

In this paper, two kinds of Z2 topological ordered 
states for frustrated spin systems, Z2A state and Z2E 
state, are studied. Using the SU(2) slave-particle theory, 
we calculate their ground-state degeneracy, their ground- 
state quantum numbers, their gapless edge state, and the 
projective symmetry group of their quasi-particles. We 
propose a mutual U(l) x U(l) Chern-Simons theory with 
two different realizations of lattice symmetry as the ef- 
fective field theories that describe the two types of topo- 
logical orders. We show that the effective theories pro- 
duce the same low energy physics, including the degen- 
eracy of the ground state, the quantum number for the 
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ground state and the edge states. It turns out that the 
different Z2 topological orders are reflected in different 
realizations of the lattice symmetry in the same effective 
mutual Chcrn-Simons theory. 

We like to mention that the Z2A phase appears to be 
an example of "weak symmetry breaking in dimension 2" , 
while the Z2E phase appears to be an example of "weak 
symmetry breaking in dimension 1" discussed in Ref. 18. 
So these two phases are examples of the two basic ways 
that lattice symmetries and topological structure can be 
entangled. 

This research is supported by NSF Grant No. DMR- 
0706078, NFSC no. 10228408, and NFSC no. 10574014. 



APPENDIX A: APPENDIX 

a. Topological degeneracy for the Z2E state 

We have used ansatz r;!™'"^) = 

describe the four degenerate ground states for the Z2E 
state. Here m,n = 0, 1. Sx^y{ij) have values or 1, with 
Sx,y{ij) = 1 if the link ij crosses the x ov y line (see 
Fig. 1) and Sx,y{ij) = otherwise. 

It is pointed out that the above result of four degen- 
erate ground states is right only for the Z2E state on 
an even- by-even lattice. On other kinds of lattice ( even 
by odd, odd by even and odd by odd), there exist only 
two different ground states. The other two states arc 
projected out since the mean-field ground states contain 
odd numbers of fermions. 

Let's calculate the topological degeneracy for the Z2E 
state on different lattices in detail. It was pointed out 
that the total number of the ip fermions on k and — k 
is always even if k ^ 0. To determine if the mean- field 
ground state contains even or odd number of tp fermions, 
we will only pay attention to the occupation on the fol- 
lowing four momentum points: k = (0,0), (0, tt), (tt, 0), 
(tt, tt). 

Firstly, we discuss the topological degeneracy for Z2E 
state on an even by even lattice. For the ground state 
described by {m,n) = (0,0), the energy levels for both 
■01 and tp2 have positive energies at fc = (0, 0) (see Eq. 
10). Thus the k = (0,0) level is not occupied. We also 
see from Eq. 10 that, at fe = (0, tt), t/ji has a positive 
energy 02 has a negative energy. Thus the k = (0,7r) 
level is occupied by a 'tp2 particle. Similarly, we find that 
the k = (tt, 0) level is occupied by a ^Ji particle, the 
k = (tt, tt) level is occupied by a ipi particle and a ■02 par- 
ticle. Therefore, four particles occupy the points (0,0), 
(0, tt), (tt, 0), (tt, tt). Because the meanfield ground state 

I ^moan ' ) has cvcn uumbcr particles, it survives the 
even-particle-per-site projection. 

Also, the total contribution to the crystal momentum 
from the fc 7^ levels is zero. Thus the total crystal 
momentum is determined by the particles that occupy 



the (0,0), (0,7r), (7r,0), (tt, tt) levels. We find that the 
total crystal momentum of the above state is Ox (0, 0) -I- 
1 X (0,7r) -h 1 X (7r,0) -F2 X (7r,-7r) = (tt.tt). 

For the ground states described by (m, n) — (1,0), 
{m,n) — (0,1), and {m,n) = (1,1), non of the high- 
symmetry points (0,0), (0, tt), (tt, 0), (tt, tt) exist. Thus 
the ground states have even number particles, so they are 
all permitted under the even-particle-per-site projection. 
The total crystal momenta of the above states are all 
zero. 

Therefore, there are four degenerate ground states on 
even-by-evcn lattice. One carries crystal momentum 
(7r,7r) and other three carry crystal momentum (0,0). 
This corresponds to the first column of table II. 

Secondly, we discuss the topological degeneracy for 
Z2E state on an even by odd lattice. For the ground state 
described by (m,n) = (0,0), the fe = (0,0) level is not 
occupied; the k = (tt, 0) level is occupied by one 0^1 par- 
ticle, as before. The points (0, tt) and (tt, tt) do not exist. 
As a result, only one particle occupies the high-symmetry 

points. Because the ground state l^'mean ' ) has odd 
number particles, it is forbidden by the even-particle-per- 
site projection. 

For the ground state described by (m, n) = (0, 1), the 
points (0,0), (0,7r), (7r,0), (7r,7r) do not exist. Thus the 
ground state has even number particles, so it is permitted 
by the projection. Such a state carries a (0,0) crystal 
momentum. 

For the ground state described by (m, n) = (1,0), the 

fc = (0,7r) level is occupied by a ^02 particle, and the 
fc = (tt, tt) level is occupied by a ipi and a ^02 particles. 
The (tt, 0) and (0, 0) points do not exist. As a result, 
three particles occupy the high-symmetry points. The 
state is forbidden by the projection. 

For the ground state noted by (m, n) = (1,1), the 
points (0,0), (0,7r), (tt, 0), {tTjTt) do not exist. Because 

the ground state |\E'mean ' ) has even number parti- 
cles, it is also permitted by the projection. Such a state 
also carries a (0,0) crystal momentum. 

Therefore there are two degenerate ground states on 
an even by odd lattice. Similarly topological degeneracy 
for Z2E state on an odd by is also two. All those states 
carry a (0, 0) crystal momentum. This corresponds to 
the second and third columns of table II. 

Last, let us discuss the topological degeneracy for Z2E 
state on an odd by odd lattice. For the ground state 
described by {m,n) = (0,0), the k = (0,0) level is not 
occupied. The points {tt, 0) (0, tt) and (tt, n) do not ex- 
ist. As a result, no particle occupies the high-symmetry 

points. The ground state l^'mean ' " ) has even num- 
ber particles which is permitted by the projection. 

For the ground state described by (m, n) = (1,0), the 
fc = (tt, 0) level is occupied by a ■0i particle. The points 

(0,0) (0,7r) and (tt, tt) do not exist. As a result, one 
particle occupies the high-symmetry points. Because the 

ground state 1 4* mean ' ) has odd number particles, it 
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is not permitted by the projection. 

For the ground state described by {m,n) = (0, 1), the 
k = (0, tt) level is occupied by a ■(/'2 particle. The points 
(0,0) (77,0) and (7r,7r) do not exist. As a result, one 
particle occupies the high-symmetry points. Because the 

ground state |\E'mean ' ) has odd number particles, it 
is not permitted by the projection. 

For the ground state described by (m,n) = (1,1), at 
the k = (tt, tt) level is occupied by a tpi and a V2 parti- 
cle. The points (7r,0); (0, tt), and (0,0) do not exist. As 

a result, two particle occupies the high-symmetry points. 

(„<i.i).^<i.i)) 

The ground state 1 4* mean ) has even number parti- 

cles, so the state is permitted by the projection. 

In conclusion, Z2E state has four-fold degeneracy on 
an even by even lattice and two-fold degeneracy on an 



even by odd lattice, odd by even lattice or odd by odd 
lattice. The crystal momenta of those ground states are 
given by the table II. 



b. Quantization for the mutual U(l)xU(l) GS theory 

To calculate the topological properties for the ground 
states of the mutual U(l)xU(l) CS theories, one needs 
to quantize the gauge fields. We will choose the temporal 
gauge = 0. In the temporal gauge, the physical de- 
grees of freedom are described by {Ax^Ay) and {ax, ay). 
After the mode expansion, the effective Lagrangian can 
be written as 



r 



where {A^, A^) and (a^, a^) represent the terms that cer- 
tain only the k ^ modes. The masses are given as Mx = 
= and mx = m, = Be- 

cause the existence of the mass gap, the degree freedoms 
for gauge fields with non-zero momentum (Ag,A^) and 
(a^, a^) have nothing to do with the low energy physics. 
So we will concentrate on the dynamics of Ox^y and Qx,y 

£eff = -^(^^)' - ^(^M-)' + le^-'^A^d.ax. (Al) 

From the effective Lagrangian, one can define the con- 
jugate momentum for (6a;, Oy) and {Ox,0y), 



Pea: 



d&x 

dOy 

dLcS 

dOx 

dL 



MxQx + TT^ 

ZTT 



MyQy-^, 



Using the conjugate momentum we write down the fol- 
lowing effective Hamiltonian to describe the low energy 
physics of the mutual U(l)xU(l) CS theory 



eff 



2Mx 



+ 



2M„ 



+ 



2mx 

{pp. - W 
2mx 



By choosing different Landau gauges, the above can 
rewritten as 

„ (^e. - '^r , pj , ipe. - . pk 

^eff - — h \ h 



2m^ 



2mx 



or 



H, 



eff 



p2 

2M, 



2M„ 



, ipo. + ^r , py , jPe^ + ^r 



2m-u 



2mx 



2M„ 



The low energy properties of the U{1) x U{1) Chern- 
Simons theory is described by the above Hamiltonian. 



c. Topological degeneracy and crystal momenta for the Z2E 
type mutual U(l)xU(l) CS theory 

Let us first use the Hamiltonian to calculate the ground 
state degeneracy of the Z2E state on an even by even 
lattice. 

We note that Ux and + are related by a U{1) 
gauge transformation. Thus 6x = and Ox = 2it are 
also related by a U{1) gauge transformation, which im- 
plies that 9x = and Ox = 27r should be viewed as the 
same point. Similarly each of the three pairs Oy ^ and 
9y = 2tt, 0x = and 8a; = 27r, 0^ = and Qy = 2^, 
also should be viewed as the same point. Thus the above 
Hamiltonian describes two particles, each moves on a 
27r X 2n torus. Each particle also see An flux through 
the torus. 

The first particle is described by {OxT^y). Since there 
are two units of flux through the torus, the ground states 
for the first particle has a degeneracy Z)(e^ = 2. Sim- 
ilarly, the ground states for the second particle also has 
a degeneracy ^(e^.e,) = 2. 
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As a result, for the Z2E type mutual U(l)xU(l) CS 
theory, the ground states have four-fold degeneracy on 
an even-by-even lattice : 



D 



^(e,,05,)-D(e„,£),) - 2 X 2 



4. 



(A2) 



And the wave- functions \1/ for the four ground states 
with degenerate energy are given as |1), |2), |3) and |4), 



exp 



1 



47r 



e-'®- exp 



*3 ~ e~"'''exp 

*4 



exp 



(A3) 



exp 



47r y 



__a2 

Ait y 



exp 



e"'®- exp 



Now let's calculate the crystal momentum for the four- 
fold degenerate ground states. For the Z2E type mutual 
U(l)xU(l) CS theory, the translation operations Tj are 
known as 



Thus wc have the translation operation for its zero modes 
(©a,©!/) and {0x,dy) : 



T" 


^x'^x 


= 


T~ 
y 


^9yTy 


= 0y, 


^ X 




= Qy, 


T~ 

y 







Under the translation operators, we have 
Tx\j) = 

Ty\j) = li), 

j = 1,4. 

T,|2) = |3),ry|2) = |3), 
T,|3) = |2),r,|3) = |2). 

So 1 2) and |3) cannot be the eigenstates for the ground 
state. Instead, the eigenstates for the ground state are 

given as |2') = ^ (|2) + [3)) and |3') = ^ (|2) - |3)) . 

For |2') and |3'), the eigenvalues for the translation op- 
erators are given as 

r.|2') = |2'),r,|2') = |2'>, 

r,|3') = e-|3'),T,|3') =e-|3'). 

As a result, on an even-by-even lattice, the crystal mo- 
mentum of the E type mutual U(l)xU(l) CS theory is 

[K^.Ky) = (0,0) for the ground states |2'), |4) and 
{Kx,Ky) = (7r,7r) for the ground state |3'). 



For other cases, on an cven-by-odd, odd-by-even or 
odd-by-odd lattice, the situations are changed. Because 
for odd number rows along x-axis or y-axis, one gauge 
field Afj, (a^) wih turn into the other one (A/j,). For 
example, on a L^; x Ly even-by-odd lattice {L^ is an even 
number and Ly is an odd number), under such a twisted 
boundary condition for odd number Ly, one has 

A^{x,y + Ly) = a^{x,y), 

a^{x,y + Ly) ^ A^{x,y), 

Af,{x + La:,y) = Afj,{x,y), 

a^{x + Lro,y) = a^{x,y). (A4) 

The quantization for gauge fields in Eq.l4 cannot be ap- 
plied to the gauge fields under a twisted boundary con- 
dition. 

Now after putting the mutual U(l)xU(l) CS theory 
on a Lx X (2-f'y) even-by-even lattice, we have a periodic 
boundary condition, 

Af_,{x,y + 2Ly) ^ Af_,{x,y),af_,{x,y + 2Ly) =a^(x,y). 

In the temporal gauge, = 0) and on such even-by- 
cven lattice, we can expand the fluctuations for the gauge 
fields as 



{A,, Ay) = ( J-e, + ^ A£e-•^ -^e, + ^^^e-"^), 

(A5) 

{ax, ay) = i^e, + J2 •^ ^0y + J2 ale''-'') 

^ ^^y ^ 

(A6) 

where 'k~(kx,ky) = (j^rix, T~''^y) where rir^y are in- 
tegers. (Ag,^j^) and (a£,a^) are the gauge fields with 
non-zero momentum and (Ga;,©y) and {6x,0y) are the 
zero modes with zero momentum for the gauge fields Ai 
and Ui. However, and (9i and 9i ) are not inde- 
pendent and have constraints to obey the original twisted 
boundary condition in Eq.A4, wc must have 



©. 



J „i-7rra„ 



(A7) 



To calculate the topological degeneracy, we map the 
original mutual U(l)xU(l) CS theory on even-by-odd 
lattice to two-particle quantum mechanics model on a 
torus in a magnetic field ^ . In the " Landau gauge" , the 
effective Hamiltonian of the two-particle quantum me- 
chanics model is given as 



H. 



eff 



2M, 



2mT 



+ 



+ ■ 



27r / 



2My ' 2m^ 



where My = and m, = 



1 



. However, because of the constraint in 
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Eq.A7, the two particles {6x, By) and {Qx, ©y) are bound 
into a single particle! As a result, there are two degen- 
erate ground states instead of four. In addition, we can 
write down the wave-functions for the two ground states 
in the Landau gauge with topological degeneracy: for the 
wave- function |1), 

I_o2 !_C)2 

— C ^■^ y = €. 47r ^ 

and the wave- function |2), 

Now let's calculate the crystal momentum for the two- 
fold degenerate ground states. The ground states are 
invariant under the translation operations 

T.\j) = li), 
Tv\3) = li), 

3 = 1,2. 

Then the crystal momentum {Kx,Ky) is (0,0) for the 
E type mutual U(l)xU(l) CS theory on an even-by-odd 

lattice. 

Furthermore, using the same method, we calculated 
the topological degeneracies and the crystal momenta for 
the ground states of the Z2E type mutual U(l)xU(l) CS 
theory on an odd-by-even or odd-by-odd lattices. The 
results are similar to those on an even-by-odd lattice: the 
ground states have two- fold degeneracy and {K^, Ky) = 
(0,0). 

In summary, all the low energy physical properties for 
the Z2E type U(l)xU(l) Chern-Simons theory match 
that for the Z2E topological ordered state. 

d. Topological degeneracy and crystal momenta for the Z2A 
type mutual U(l)xU(l) CS theory 

In this part, we will calculate the topological de- 
generacy and crystal momenta for Z2A type mutual 
U(l)xU(l) CS theory. The effective Hamiltonian to de- 
scribe the low energy physics of the Z2A type the mu- 
tual U(l)xU(l) CS theory can be written in the "Landau 
gauge" as 

2Mx 2my 2mx 2My 

It is noted that there exists the Heisenberg Algebra for 
zero modes of the gauge fields. The "magnetic" transla- 
tion operators Ue, = c^-'iPo,,+^) and Uq^ = e'''(f«f + ^) 
consist of the Heisenberg algebra 

Because the Hamiltonian is invariant for the operations 

Ue^ and Uq^, 



the ground states are the eigenstates of Ug.^ and Uq . So 
one can draw a conclusion from the Heisenberg algebra 
that the ground states have two-degeneracy for {O^, Gy). 
On the other hand, for (G^,, 9y) , one can do the same cal- 
culation. So the ground states have two-degeneracy for 
{Gy,Qx) which is also characterized by the eigenstates 

of Ue^ = e'''^P''y + ^^ and Ue^ = e'^*(Pe-+^). As a re- 
sult, for the Z2A type mutual lJ(l)xU(l) CS theory, the 
ground states have four-fold degeneracy : 

D = D^e.,g^)D^e,,e..) =2x2 = 4. (A8) 

We denote the four ground states with topological de- 
generacy as |1), |2), |3) and |4), 

Uejl) = 
Uej2) = |2), 

UejS) = e'^|3), 

and 

t^e,|l) = |1), 

Uej2) = e'-|2), 
Usji) = |3), 
f/e„|4) = e-|4). 

Now let's calculate the crystal momentum for the four- 
fold degenerate ground states. For the Z2A type mutual 
U(l)xU(l) Chern-Simons theory, the translation opera- 
tions for the gauge fields are given by Eq. (13). The 
translation operations for zero modes of the gauge fields 
are given as (13) 

^y^x — ^yj 

T~^9> T = 9> 

-^y ^x-^y — ^X1 
T^x^^yT^x = Qy + LyTT, 

T~^P) T = P) 

■^y ^x-^y — ^xi 

and 

^yTx = 6yi 

Ty ^OxTy = 6x+ LxTT, 

^x ^X^X ~ ^X1 

'^y ^y'^y ~ 

As a result, the real groimd states can be labeled by the 
eigenvalues of Ug^ (or Ug^, Uq^, Uq^) which are 1 and 
— 1. We denote the four ground states with topological 
degeneracy as |1), |2), |3) and |4), 

Uejl) = |1), 

U0J2) = |2), 

Ugj4) = e'n4). 
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Firstly, on an cvcn-by-cvcn lattice, the translation op- 
erations for its zero modes lead to trivial results 





'QyTx 


= 0y, 


T~ 

V 


^x-^ y 


= &x, 


rp- 


T 

V-'y-i X 


= 


T~ 

V 


T 


= &x- 



and 

^J/^x = Syi 

T~^(i T ft 

■^y ^x-'-y ^xt 

T~^9xTx = Ox, 
^y ^y^v ~ 
From them, we have 

Tx\j) = 

Ty\j) = 

j = 1,2,3,4. 

Then the crystal momentum [K^^Ky) of the four-fold 
degenerate ground states \j) is (0,0). 

Secondly on an odd by even lattice {L^ is odd number 
and Ly is even number), the translation operations are 
given as 

Ty^OxTy = 0X+TT, 
Tx Ox Tx — Ox, 

and 

-'x ^y^x — '^y, 

T~^P) T = B 

■^y ^x-^y — ^x; 

T^-lft rp _ g. 
X ^X-'-X — ^X; 

^y ^y-'-y — 

Now the translation operator Ty turns into the "mag- 
netic" translation operator Uo,, = e^^^P''':~^~^\ 

Ty\i) = Ueji) = e-(^'^^+^)|i), i = 1,2,3,4. 

Under the translation operations on the wave functions 
in Eq.A3, we have 

1^.11) = |1>, 

Tx\2) = |2), 

Tx|3) = |3), 

Tx\^) = |4), 

and 



Ty\l) 


= UeJl) 


= |1), 


Ty\2) 


= Uej2) 


= |2), 


Tym 


= U0J2) 


= e'"|3) 


TyH) 


= Uej2) 


= e'n4) 



Using the same method, wc can obtain that the crystal 
momentum of the two ground states |1) and |2) is (0,0). 
The crystal momentum of the other two ground states 
|3) and |4) is (0,7r). 

Thirdly, on an even-by-odd lattice (Lx is even number 
and Ly is odd number), the translation operations for its 
zero modes lead to non-trivial results 

^y^x — ^y, 

T~^(r) T — B 

y ^x-^y — ^x, 

T~^(r) T — B 

■^y ^x-^y — 

and 

-^x ()yTx = Oy, 

^y OxTy = 6x, 
-^x ^X^X ~ ^X) 

"^y ^y'^v ~ 

Then the translation operator turns into the "mag- 
netic" translation operator Uq^ = e^^^'''^y'^^\ 

Tx\i) = C/eJi) = e-^(f«v+^)|i), i = 1,2,3,4. 

Prom them, we have 

Tx\l) = Uejl) = \l), 
Tx\2) = Uej2)=e'^\2), 
Tx\3) = Uej3) = \3), 
Tx\4) = [/e,|4)=e-|4), 

and 

Ty\l) = |1), 
Ty\3) = |3), 

Ty\2) = |2), 

Ty\4) = |4). 

The crystal momentum of two ground states |1) and |3) 
is (0, 0). The crystal momentum of the other two ground 
states |4) and |2) is (tt, 0). 

Fourthly for Lx and Ly are all odd numbers (on an 
odd- by-odd lattice), the translation operations become 

T-^OyTx = Qy+TT, 

T^-io J' — pi 

y ^X-'-y ^X5 

-^x ^xLx — ©x? 

y ^v-^y ^yi 

and 

^x SyTx = Oy, 

Ty^OxTy = Ox+TT, 



13 



Then the translation operators and Ty turn into the 
"magnetic" translation operator Uq^ = e^^^^^y^^'' and 

Ty\^) = C/eJi) = e'^^(f^»+^'|i),i = 1,2,3,4. 

Now Tx and Tj^ must obey the Heisenberg algebra for 
and Ue^ 

T^Ty = e'^'TyT^. (A9) 

On the other hand, the translation symmetry of the sys- 
tem leads to the commutation relationship between 



and Ty 

T^Ty = TyT^. (AlO) 

The only solve to the Eq.A9 and Eq.AlO is |i) = 0. That 
is, there don't exist the four degenerate ground states at 
all. We can see that for the real ground states, the 
and charges for the excitations cannot be zero on an 
odd by odd lattice. So the non zero background charge 
leads to an infinity degeneracy on odd by odd lattice for 
the Z2A type mutual U(l)xU(l) CS theory 

As a result, all the low energy physical properties for 
the Z2A type U(l)xU(l) Chern-Simons theory match 
that for the Z2A topological ordered state. 
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